Some nontrivial permanental mates  by Hwang, Suk Geun
Suk Geun Hwang* 
Department of Mathematics 
Tea&m College 
Kyungpook University 
Taegu, 702-701 Korea 
Submitted by Richard A. Brualdi 
ABSTRACT 
Two n X n doubly stochastic matrices A, B are said to form a permanental pair if 
per[tA +(l - t)~] = per A for all t, 0 Q t Q 1, in which case A, B are called mates of 
each other. Let Mte(A) denote the set of all mates of A. We find some conditions for 
doubly stochastic matrices A,B to form a permanental pair and investigate some 
properties of the set Mte(A). We also find a class of doubly stochastic matrices with 
plenty of mates and show that a mate of a doubly stochastic matrix A need not be 
permutation equivalent to A, answering a question posed by E. T. H. Wang. 
1. INTRODUCTION 
Let R, denote the set of all n X n doubly stochastic matrices, and let J, 
denote the n X n matrix all of whose entries are l/n. For a complex square 
matrix A, let per A denote the permanent of A. In [6], E. T. H. Wang 
defined a pair A, B E fi2, (A # B) to be a permanental pair if per[ tA + 
(l- t)B]= perA f or all t E [0, l], in which case the matrices A, B are called 
mates of each other [l]. Neglecting the distinctness condition in Wang’s 
definition of permanental pairs, we will use the following slightly modified 
definition throughout this note. 
DEFINITION. A pair A, B E R, (not necessarily distinct) is called a 
permanental pair if per[tA + (1 - t)B] is a constant function of t on [0, 11, and 
if that is the case, each of A, B is called a mute of the other. 
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For A E a,, let Mte(A) denote the set of all mates of A. It is clear, by 
the definition, that A E Mte(A) for all A E a,. We call A the trivid mate of 
A, and every other mate of A a nontrivial mate of A. 
In [S], E. T. H. Wang showed that for every n > 3, there is A E a,, 
having nontrivial mates, and also that no permutation matrix has a nontrivial 
mate. He proposed the following questions. 
PROBLEM 1. Are J,, and permutation matrices the only doubly stochastic 
matrices having no nontrivial mates? 
PROBLEM 2. For A E s1,, is every mate of A permutation equivalent 
to A? 
Later, in [l], Brenner and Wang proved that I,,,@ . * * @J,,&, k 2 1, 
1( ni (n, n, + *. . + nk = n, has no nontrivial mates, giving a negative 
answer to Problem 1, and remarked that it would be interesting to find 
doubly stochastic matrices with plenty of mates. 
Of various questions concerning the permanental pairs, the following are 
some of the naturally arising ones: 
(1) What are necessary and sufficient conditions for a pair of matrices 
A, B E s1, to form a permanental pair? 
(2) Are there A E fi, such that Mte(A) is of high dimension? 
(3) What about the topological properties of Mte(A), A E flR,, such as 
compactness, connectedness, and convexity? 
In this paper, we give some answers to these questions, in one of which, 
for example, we find a class of matrices A E 1R, with dimMte(A) > 1, and 
such that there exists B E Mte(A) which is not permutation equivalent to A. 
2. CHARACTERIZATIONS OF PERMANENTAL PAIRS 
For integers, r, n with 1 < r < n, let Q,,, denote the set of all sequences 
(i,,...,i,)suchthatl(i,< ... <i,<n,andlet Qo,n={O}.For cu,p~Q~,~ 
and for an n x n matrix A, let the matrices A[a]P] and A((Y]~) be defined 
in the standard way (see [3, 41). We adopt the natural conventions that 
perA[0 I@]= 1 and A(0 ( 0) = A. 
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THEOREM 1. For A, B E Cl,,, the following are equivalent : 
(a> A, B form a permanental pair. 
(b) C U,PEp,.“perA[(YIP]perB((YIP)=(::)perA foraZZr=O,l,..., n. 
(cl c a,BEQ, “per A[alPl per [B(al/3) - A(crlP)l = 0 for all r = 0, 
1 ,..., n -1. 
Proof. Let n be fixed, and let Q, denote the set Q,,. for brevity. We 
have, for all t, 0 < t < 1, that 
i tr(l-t)“_‘i c 
r=O a.PEQ, 
perA[al/3]perB(a[/3)-(:)perA] 
= kotr(l- tjnpr c wrA[4PlperB(4P) 
(I.PEQV 
-r~o(:)tr(l-t)“-‘perA 
= k c per(tA[alP])per[(l- t)B(alP)] -[t +(l- t)]“perA 
r=Oa,PEQ, 
=per[tA+(l- t)B] -perA. 
Thus the equivalence of (a) and (b) follows from the continuity of per[tA + 
(l- t)B] as a function of t and the linear independence of the functions 
t”, t"-'(1 - t), . . . , t(l- t)“-‘,(l - t)“, over the real field. 
Next, for all t, 0 Q t Q 1, we have 
per[(l-t)A+tB]-perA 
=per[A+t(B-A)]-perA 
= 2 c perA[@lper[t(B - A)(M)] -perA 
r=On,/3~Q, 
n-l 
=rzo""-' c perA[4Pber[B(4P) - A(M)] T 
a,PEQr 
telling us that (a) is equivalent to (c), 
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Let Q,,, be given the lexicographical order. For an n X n matrix A, let 
C,(A) denote the (:)X(y) matrix with entries indexed by elements of 
Qr,, x Or,. whose (a, B) entry is perA[cu]B], and let C,(A) denote the 
(:)x(:) 
matrix whose (cu,B) entry is perA(a(B). We call C,(A) and 
C,(A) the rth permanental compound of A and the rth copermanental 
compound of A respectively. 
For a square matrix A, let AT, tr(A), and r(A) denote the transposition of 
A, the trace of A, and the sum of all entries of A respectively. For matrices 
A, B of the same size, let A 0 B denote the Hadamard product of A and B. 
Since, for any n X n matrices A, B, tr(ArB) = T(A 0 B), we may state 
Theorem 1 in terms of compounds and traces as follows. 
THEOREM 1’. For A, B E Cl,, the following are eyuivalent: 
(a> A, B form a permanental pair. 
(b) r(C,(A)~C,(B))=(~)perAfi,raZZr=O,l,...,n. 
(c) r(C,(A)oC,(B-A))=Oforallr=O,l,...,n-1. 
(d) tr(C,(A>TC’,( B)) = ( :) per A for all r = 0, 1, . . . , n. 
(e) tl(C,(A)TC,(B - A)) = 0 for all r = 0, 1, . . , n - 1. 
Observing the cases r = n - 1 and r = 0 in (b) and (c) of Theorem l’, we 
get the following 
COROLLARY. Let A, B E fl,. lf B is a mate of A, then 
(a) T(B 0 C’,(A)) = n per A, and 
(b) per(B-A)=O. 
3. SOME NONTRIVIAL SETS OF PERMANENTAL MATES 
Let D be an n x n (O,l> matrix with per D > 0, and let fI( D) = {X E 
fl, 1 X < D}, where X < D means that no entry of X exceeds the correspond- 
ing entry of D. Then Cl(D) is a nonempty face of the polytope R,. Let 
Int KI( D) denote the interior of Cl(D). A matrix A E a(D) is called a 
minimizing matrix on fi( 0) if per A < per X for all X E fI( 0) [3]. Let 
Min( D) denote the set of all minimizing matrices on Cl(D). If Min(D)n 
Int fI( D) #0, then D is called a cohesive matrix [2]. An n X n matrix is 
called partly decomposable if it contains an s X t zero submatrix where 
s, t > 1 and s + t = n. A square matrix which is not partly decomposable is 
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called a fully indecomposable matrix. Finally, for sets ri, . . . , r, of matrices, 
wedenoteby I’,@.=*@r,,, theset(A,@..*@A,]AiETi,i=l,...,m). 
THEOREM 2. Let D = [dij] be an n X n (0,l) matrix with per D > 0. 
(a) lf Min( D) is convex, then for any A E Min( D), Min( D) C Mte(A). 
(b) lf D is cohesive and A E Min( D>n Int n(D) is such that perA(i]j) 
< perA for all i, j with dij = 0, then Mte(A) C Min( D). If, in addition, 
Min( D) is convex, then Mte(A) = Min( D). 
Proof. (a): Trivial. For (b), we need to prove the assertion only for the 
case that D is fully indecomposable, because if D is partly decomposable 
then n(D) = LR( D,)@fi( D,) for some square (0,l) matrices D,, D, of 
order 2 1 up to permutations of rows and columns. So assume that D is fully 
indecomposable and let S(D) = {(i, j)]l < i, j < n, dij = 1). Then by the 
hypotheses on A, for each (i, j), there exists sij > 0, with equality if and only 
if (i, j> E S(D), such that perA(i] j)/perA = 1- sij [2-41. Let H = 
f?,(A)/perA, J = n_ln, and G = [.sij]. Then J - D and G have the same (0,l) 
pattern and J - H = G. Now let B E Mte(A). Then, by the Corollary to 
Theorem l’, it must be that T(B 0 H) = n. SO n = T(B) = T(B Q J) = T(B o H) 
+ T( B 0 G) = n + r(B 0 G), which gives us that r(B 0 G) = 0 and hence that 
B 0 G = 0. Since G and J - D have the same (0,l) pattern, we have 
B 0 (J - D) = 0, implying that B < D. Thus B E Min( D), since per B = per A. 
Let D = n,J,,@ . . * @nkJnk, k > 1, 1 < ni < n, n1 + * * * + nk = n, and 
let A = J,,@ . . . @I,,. Then A satisfies the conditions of Theorem 2. Since A 
is the unique minimizing matrix on a(D), we have 
COROLLARY 1 (E. T. H. Wang [6]). J,,@ . . . @J,, has no nontrivial 
mates. 
In the following, we give some classes of matrices A E R, with plenty of 
nontrivial mates. 
Let D be an n X n fully indecomposable (0,l) matrix partitioned into 
blocks D,,, i, j = 1,. . . , k. Then the matrix D is called a staircase matrix 
[3, 51 if 
Dij = 
0 if i+j<k, 
J if i+j>k+l, 
where J denotes a matrix of l’s of suitable size. 
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Let D = [dij] be a fully indecomposable n X n staircase matrix with 
per D > 0. Then by the Frobenius-Kdnig theorem, dij = 1 for all i, j satisfy- 
ing i+j>n. Let 
and 
F(D)= u {(i,j)Ji>r,,j>9}. 
(p,q)=C(D) 
Let b(D) = [uij] denote the barycenter of ND): 
where the summation extends over all permu1ation matrices P < D. It is 
proved in [3] that 
Min( D) = {A = [aij] E finlaij = uij for all i,j E F(D)}. 
Thus we can easily see that Min(D) is a convex set. In particular, if 
C(D) =0, then Min( D) = (b(D)}. Since per b( Dxilj> < per b(D) for all i, j 
with di j = 0 [3], and since b( 0) E Int fi( D), we have 
COROLLARY 2. Let D be an n X n staircase matrix with per D > 0. Then 
Mte(b( D)) = Min( D). 
Proof. We need to take care of the case that D is a partly decomposable 
matrix only. But if D is partly decomposable, then there are fully indecom- 
posable staircase matrices D 1, . . . , D, and permutation matrices P, Q such 
that 
fi(PDQ)=fi(D,)@ ... @fi(D,). 
Thus it follows that 
b( PDQ) = b( Dl) CB * * - @b( 0,) 
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and 
Min( PDQ) = Min( Or) ~3 . * * 8 Min( 0,)) 
and hence that 
Mte( b( PDQ)) = Mte( b( Or)) @ . . . (33 Mte(b( 0,)) 
= Min( Or) 0 . . * @ Min( II,,) 
= Min( PDQ) . 
Therefore we get Mte(b(D)) = Min(D), since Mte(b(PDQ)) = 
Mte( Pb( D)Q) = P Mte(b(D)) Q and Min(PDQ) = P Min(D) Q, where 
P Mte(b(D)) Q = (PAQ 1 A E Mte(b(D))) and P Min(D) Q = {PAQ ( A E 
Min(D)}. n 
For example, suppose D = [ dij] is a 6 X 6 (0,l) matrix with dij = 0 if and 
only if (i, j) E ((1, l),(l, 21, (1,3), (1,4), (2,1>, (2,2), (3,1), (3,211. Then 
b(D)=; 
So any doubly stochastic matrix of the form 
11 
is a mate of b(D). We see, in this case, that dim Mte(d( D)) = 8 and also that 
a mate of b(D) need not be permutation equivalent to b(D), i.e. that there is 
B E Mte(b( D)) such that there do not exist permutation matrices P, Q 
satisfying b(D) = PBQ. 
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In Theorem 2(b), the conditions imposed on A are crucial. As an 
example, let 
An = [ dij] 
be an n X n (0,l) matrix defined by 
dij = 
0 if j>i+Z, 
1 otherwise, 
Then 
b(D)=21_” 
y-2 2n-2 
~“-3 2”-3 . 
2 2 
1 1 2 
1 1 2 
Let I, and P, denote the identity matrix of order n and the n x n full cycle 
permutation matrix with ones on the superdiagonal and the (n, 1) position 
respectively, and let 
and 
v”=; 
0 
~“-3 2”-2 
~“-3 ~“-2 
(1) 
u”=+(z”+ P") 
1 1 
1 0 1 0 
1 * . 
. . . 
. . . 
0 Ai1 
1 1 
(2) 
(3) 
XII 
Then, since any A = [aij] E a(D) with aij =$ for all (i, j) = 
(1,1),(1,2),(2,3),(3,4) ,..., (n-l,n),( n, n is a minimizing matrix on n(D) > 
[2], we see that U,,,V,, E Min(D). Since Min(D) is convex, U,, E Mte(V,). 
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Thus U,’ E Mte(V,T) = Mte(V,). But U,’ $E Min(D) because U,’ E n(D). 
Thus Mte(V,,) Q Min(D). 
Note that V,, E Int fi( D) and also that per V,,(i 1 j) = per V, for aI1 i, j. 
In the following, we investigate some topological properties of the sets of 
mates of doubly stochastic matrices. 
THEOREM 3. For A E a,,, Mte(A) is compact and connected, but not 
convex in general. 
Proof Let C E a,, - Mte(A). Then there is some u, 0 < u < 1, such 
that per[uA + (1 - u>C] # per A. Let B = UA + (1 - u)C. Then there is E > 0 
such that for all X in the s-neighborhood V in R, of B, per X # per A. Now, 
let W = {(X - uA)/(l - u) 1 X E A}. Th en W is an open neighborhood of C 
such that W n Mte(A) =0. Th ere ore f Mte(A) is closed and hence compact. 
If B E Mte(A), then any matrix on the line segment joining A and B is a 
mate of B. Hence the whole line segment lies in Mte(A), showing that 
Mte(A) is connected. 
We are to show that Mte(V,,) is not convex for all n > 4, where V,, is the 
matrix defined by (3). For the matrix U, defined by (21, we observed that 
UJJ, E Mte(V,). If Mte(V,) is convex, then U, and U,’ form a permanental 
pair, so that per(+U, + iv,‘> = per U,. 
But, for any nonnegative real numbers a, b with a + b = 1, we have 
per(aU,+bU,T)=per fZ,+iZ’,,+iZ’T 
> per(iZ,)+per “P + --PT (2 ” ; “)+$(q+ 
=(i)“(l+nab)+per (;P”+;P:). 
If a=b=i and n>Jhere, then l+nub>2, sothat 
per(+Un+$UT)>-&= per U, . 
Therefore Mte(V,,) is not convex. 
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4. CONCLUDING REMARKS 
For A, B E Cl,,, if B is a nontrivial mate of A, then any doubly stochastic 
matrix on the straight line passing through A and B in [w”’ is also a mate of 
A. From this we see that if a doubly stochastic matrix has a nontrivial mate, 
then it has infinitely many mates. We also see that for any A E s1,, Mte(A) is 
not contained in the interior of a,,. 
However, we may ask if there exists an A E Int a,, with a nontrivial 
mate. The answer to this question is yes for the case rr = 3. For example, let 
and 
I 2 1 2 1 2 1 
Then B E Int R, and C, E Mte(B) for all t with 0 < t < 2. 
However, for bigger n’s, it seems that we cannot have an affirmative 
answer. 
CONJECTURE 1. For n > 4, if A E Int a,,, then Mte(A) is a trivial set. 
Let A, be the matrix defined in (1). Brualdi [2] proved that 
&mMin(A,) = (n-1~n-2). 
This tells us that 
dimMte(b(A,))= 
(n-l)(n-2) 
2 . 
Let U,, and V, be the matrices defined by (2) and (3) respectively. Then 
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since 
and 
we see that 
Min(A,)UMin(Az)cMte(V,,), 
Min(A.)nMin(AT) =(V,), 
dimMte(V,) > (n-1)2(n-2) . 
However, for convex Mte’s we guess that (n - 1Xn -2)/2 is the maximum 
dimension. 
CONJECTURE 2. For A E a,, n > 3, if Mte(A) is a convex set, then 
dim Mte( A) < 
(n-l)(n-2) 
2 
with equality if and only if A E Min(A,)-IV,,). 
So far we have encountered only those permanental pairs A, B E a,,, 
n > 4, such that both A and B are minimizing matrices of a face of R,. We 
are not certain that this is always the case. We propose a 
PROBLEM. Determine if there exists a permanental pair A, B E Cl,, 
A # B, such that A, B are not both minimizing matrices of any face of R,. 
I wish to thank the referee fm giving me some guidelines improving a 
certain portion of the original manuscript of this paper. 
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